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1. INTRODUCTION AND BACKGROUND 
Let G be a second countable locally compact group and N a closed normal 
subgroup of G which is type I and regularly embedded in G [12]. Let Q denote 
the quotient group G/N. The set-theoretic structure of the dual G of G was 
completely described by Mackey in [12, Sects. 8 and 91 in terms of N, Q, and 
certain projective dual spaces of the “little groups.” We give a brief description 
of this structure which is suited to our needs. 
The conjugation action of G on N passes to an action (x, L) -+ L2 of G on N 
(where L2(n) = L(m+), f t  EN) giving rise to the orbit space N/G. For each 
L in N, let Hz denote the (closed) stability subgroup of G atL. Note that ifL is the 
identity representation 1 of N, then H, = G. If  9 is a saturated (i.e., union of 
orbits) subset of N, denote by HP the closed normal subgroup of G which is the 
intersection of all the stability groups HL , L in 2. In particular, let H = HP , 
for .!P = N. Necessarily, NC H C H2 , in general. For 0 in N/G, let L be any 
element of 0 and define G(O) to be the set of all induced representations 
U(T : H, , G) of G, where T runs through the set yki*L of elements of HL for 
which the restriction T / N is a multiple of L. (Here, the representation of K 
induced from the representation S of the closed subgroup K’ is denoted by 
U(S : K’, K).) Th e inducing mapping is a bijection of&Z= onto G(O). Then G is 
the disjoint union of the G(e), 0 in N/G. Let p: G 3 N/G denote the resulting 
projection mapping. If  JZ’ is as above, denote by 6(-E”) the subset p-1(2/G) of & 
corresponding to _Ep. 
For each L in N, denote H,IN by QL and let mL,: H, -+ QL be the naturaI 
projection (with r = T+). For each L in N, there exists an essentially unique 
multiplier or. on QL such that L extends to a a;‘(~~ x 7r,)-representation L’ of 
HL . Furthermore, the mapping M +L’ @ MCT~ is a bijection of (QL , UJ 
(projective dual space) onto &Z= . 
We now turn to topological considerations. The dual of any locally compact 
group is canonically equipped with the hull-kernel topology of its group 
C*-algebra. A projective dual space is given the relative topoiogy of the appro- 
priate part of the dual space of the corresponding group extension [12]. Thus, 
it is natural to consider the following: 
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Problem. How can the topology of G be described as an “extension,” i.e., in 
terms of the topologies of N, Q, and the (QL , u$, L E fi ? This problem was 
first investigated by Fell in [7, 81, then by Baggett in [2] and then by the author in 
[14]. The purpose of this paper is to present a detailed and up-to-date examina- 
tion of this problem. More specifically, we will: 
(1) Discuss and compare the existing results and conjectures; 
(2) introduce some very general new results and conjectures. 
As a first response, note that the mapping p: G -+ N/G (quotient topology) is 
well known [14, Lemma 3.11 to be continuous in general. Conversely, if Q is 
amenable, then we shall see (Proposition 3.9) that p is also open. 
A concept which is indispensable in dealing with this problem is Fell’s 
notion of a subgroup representation of G, i.e., a pair (K, T) where K is a closed 
subgroup of G and T is an (equivalence class of a) unitary representation of K. 
Let Y(G) denote the set of all subgroup-representations of G equipped with the 
appropriate topology [8]. In particular, if 2 is a saturated subset of N, let 
Y(G, JZ’) denote the subspace of Y(G) consisting of those (K, T) where K = HL , 
for some L in 2, and T is in AL . (F or convenience, we will write 9(G) for 
3(G, .Z) when 2 = N.) Then the set of all U(T : K, G), where (K, T) runs 
through $(G, s), is precisely G(p), i.e., the inducing mapping defines a 
a (continuous [8, Theorem 4.21) mapping u: Y(G) --f G which is onto and 
satisfies U-‘(G(U)) = X(G, 2). Since the set 9(G, 2) is invariant under the 
conjugation action (x, (K, T)) -+ (&?, T”) of G on Y(G), we get the additional 
orbit space X(G, 2)/G (with relativized quotient topology). The mapping u is 
constant on orbits and passes to a continuous bijection of X(G, Z)P)IG onto 
G(Z). It was originally speculated that the following was true: 
Conjecture A, . The dual G is homeomorphic to the orbit space $(G)/G. 
However, this is now well known to be false [2, Sect. lo]. Also in [2], Baggett 
conjectured that the topology of G is given as follows: 
Conjecture A, . Let W be a subset of G and W an element of G. Let L be 
any element of the orbit p(W) and T the unique element of AL such that 
U(T : HL , G) = W. Then W belongs to the closure of W in G if and only if 
there exists (K, S) in Y(G) satisfying: 
(i) H_CKC H,; 
(ii) (K, S) is weakly contained in u-i(W) C 4(G); 
(iii) T is weakly contained in U(S: K, HL). 
Remark. This is actually a bit weaker than Baggett’s conjecture which 
requires that (K, S) belong to the closure of u-‘(W) in Y(G) (see Proposition 1 .I 
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of [S]). In either case, note that the “if” part is true by Theorem 4.2 and Proposi- 
tion 1.3 of,[8]. 
This conjecture was proved to be true by Baggett when G is a semidirect 
product of Abelian N with Abelian or compact Q [2, Theorems 3.3 and 6.2-A] 
and the author proved it (in a very different form) for the so-called “essentially 
free” case [14, Theorem 5.11. In Section 3 we will establish Conjecture A, for a 
very general class of group extensions. Specifically, our main result (Theorem 3.2) 
asserts that the topology of G is given by this conjecture whenever G/H is 
amenable and each stability group HL is normal in G. (The stability groups are 
allowed to vary freely otherwise.) This theorem generalizes Theorem 3.3 of [2] 
and Theorem 5.1 of [14]; however, it does not include Theorem 6.2-A of [2] 
where the stability groups need not be normal. 
Unfortunately, Conjecture A, does not reveal the extension nature of the 
problem. We will give several other conjectures which describe the topology of G 
in terms of certain of its parts. Before we can do this, we require some additional 
ideas and notation. 
Observe that for a given 19 in a/G, the fiber G(e) is determined by lifting, 
tensoring, and then inducing certain representations of the quotient group QL 
(for L in 0). However, if QL = Q, i.e., HL = ‘G, then the inducing step is trivial. 
This suggests separating the elements of fi accordingly. Thus, define V = 
{L E fi : HL = G} and 8 = N - V (set difference). Then V and 0 are saturated 
(Borel) subsets of fi with 1 E V and V/G =e %?. The dual G is then partitioned 
into the sets G(V) and G(0). We do not know if % is closed in general; it will be 
if Q is amenable (Corollary 3.11). Of greater importance is the fact that G((u) is 
closed in G in general (Lemma 3.10). Consequently, if 7yr C G, then %‘- can have 
only three hinds of limit points in G, namely, limit points of-W n e(Sf) in G(%?) 
and limit points of w n G(0) in G(0) and G(g). Therefore, 7Y- can be corn; 
pletely determined if we can describe (1) the limit points of G(0) in G(U) and 
(2) the relative topologies of G(0) and G(%‘). In response to (I), we have the 
following consequence of Conjecture A,: 
Conjecture B. In order that the element W of G(V) be a limit point of the 
subset w of G(0), it is necessary and sufficient that there exist (K, S) in Y(G) 
such that: 
(i) (K, S) is weakly contained in the subset u-i(71y) of #(G, 0); 
(ii) W is weakly contained in U(S : K, G). 
Remark. The sufficiency follows from [8, Proposition 1.31 while the necessity 
is actually a consequence of Conjecture A, . Conjecture B is true when Q is 
amenable and each HL is normal in G (Corollary 3.3). The relative topology 
of G(0) can also be described by restricting Conjecture A, to the appropriate 
context. Specifically: 
116 I. SCHOCHETMAN 
Conjecture Cl . Let w be a subset of G(O) and W an element of G(U). Let 
the remaining notation be as in Conjecture A, . Then W belongs to the closure of 
YY in G(@) if and only if there exists (K, S) in 9(G) satisfying: 
(i) H,CKCH,,foreachJinO; 
(ii) (K, S) is weakly contained in the subset ~‘(9’) of 9(G, 0); 
(iii) T is weakly contained in U(S : K, HL). 
Remark. As above, this conjecture is true whenever QL is both normal and 
amenable for each L in 0 (Corollary 3.3). 
Although & is not homeomorphic to 9(G)/G f m g eneral, perhaps the following 
is true: 
Conjecture Ca . The subspace G(O) is homeomorphic to the orbit space 
4’2 Q/G. 
Remark. This conjecture is stronger than Conjecture C, . It follows from a 
result of Fell [2, Theorem 6.4-B] that Conjecture C, is true if 0 is a locally 
compact Hausdorff space in its relative topology and the mapping L -+ HL is 
continuous on 8. We will show it is true under somewhat different hypotheses 
(Corollary 3.6). 
The relative topology of G(g) p oses the greatest difficulty. If we restrict 
Conjecture A, to this context, we find that W is in %‘- if and only if W is weakly 
contained in %‘- which is true and trivial. Hence, Conjecture A, tells us nothing 
new about the topology of G(g). This is the main failing of this conjecture since 
it is possible for G(g) to equal G, i.e., @? = fl. Thus, we must take a closer look 
at the structure of G(%?). An examination of many examples (particularly where Q 
is Abelian) suggests that &(@ be partitoned as follows. Let gr denote the set of 
those L in V for which Us is trivial and let %?a = g - %r . Then %r and V, are 
(saturated) subsets of fi with 1 E %‘r . For convenience, we will write G, , G1 , G, , 
for G(O), G(%?J, G(gJ, respectively. 
Conjecture D, . The subset Gr is closed in G’(g) and hence in G. 
Remark. This conjecture is true if each L in %? is one dimensional (Proposition 
3.12). 
Assuming this to be the case, we can describe the relative topology of G(V) if 
we know the relative topologies of G, and Gz and the limit points of G, which 
are contained in Gr . Each element L of %?r extends to an ordinary representation 
L’ of G and the mapping (L, M) -+ L’ @ M r establishes a one-to-one corre- 
spondence between gr x & and Gr . Consequently, we propose: 
Conjecture D, . The subspace Gr is homeomorphic to %‘r x Q, 
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Remark. This conjecture is true if each L in g1 is one dimensional (Proposi- 
tion 3.13). 
It is not at all clear what to conjectur in general regarding the topology of G,; 
however, if Q is Abelian, then it quite often happens [3] that (Q, uJ is a singleton 
(ML} for each L in Q, . In this event, the mapping L +L’ @ MLw establishes a 
one-to-one correspondence between %a and Ga . 
Conjecture Da . If (Q, Us) A is a singleton for each L in +?* , then G, is homeo- 
morphic to V, . Furthermore, if WE G1 and W C G, , then WE YF- if and only 
if p( W) Ep(YF)- in %. 
Remurk. This conjecture is true if Q is amenable (Proposition 3.14). 
Finally, putting Conjectures B, C, , D, , D, , and D, together, we obtain the 
following: 
Conjecture E. Let the notation be as above. Suppose that &1 is closed in G 
and (Q, a$ is a singleton for each L in ‘;92 . If W is a subset of G, then W is 
closed if and only if: 
(i) If WE G(e) satisfies Conjecture B relative to W n G,, , then WE 9f; 
(ii) if WE GO satisfies Conjecture C, relative to W n GO, then WEE; 
(iii) the set {( L, M) E WI x &: L’ @ Mm EYF} is closed in %‘i x Q; 
(iv) the set p(W n Ga) is relatively closed in Y,; 
(v) if WE Gr is such that p(W) E~(W n G,)- in V, then WE w. 
Remark. This conjecture is true for a large class of examples (Theorem 3.15). 
It will be convenient to use the following additional notation. The support of 
of a representation T will be denoted by supp(T) and the space of closed sub- 
groups of G by X(G). H omeomorphism (resp. topological isomorphism) 
between topological spaces (resp. groups) will be denoted by m (resp. E). The 
symbols R, Z, and T will denote (as usual) the reals, integers, and circle group, 
respectively. 
The remainder of this paper is organized as follows. In Section 2 we prove two 
very useful weak containment results which are needed in the next section. All 
results we have presented here are proved in Section 3. In Section 4 we discuss 
some examples which illustrate our main results in a variety of different ways. 
2. PRELIMINARIES 
Let A and B be separable C*-algebras whose duals A^ and 8 are equipped with 
their respective hull-kernel topologies. Let 9 (reap. 8) be a subset of A (resp. 
8) and consider a mapping f: 9 -+ 6’. There exists [14, Lemma 2.11 a charac- 
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terization of the continuity off in terms of the notion of weak containment. In 
view of Conjecture C, , it is desirable to have such a characterization of the 
openness of .f. 
2.1 PROPOSITION. The following are equivalent: 
(i) f  is open. 
(ii) IfTE&,YC&and T. as weakly contained in 9, then f  -‘( T) is weakly 
contained in f-l(Y). 
Proof. Suppose f  is open, T is weakly contained in Y and SE f-l(T). 
Since T is irreducible, T belongs to Y-, so that T is the limit of a sequence 
{Tj} in 5. By the openness off, there exists a subsequence (Tk} of { Ti) and a 
corresponding sequence {S,} in 9 such that f (S,) = TI, and S, + S. Thus, S 
is weakly contained in {S,} and each S, is contained in f  -l(F). Hence, S is 
weakly contained in f -l(Y) and so is f -l( T). 
Conversely, let V be a relatively open subset of 9. We will show that the 
relative complement Y = d - f(V) is closed in G. If T E d is in Y-, then 
f-l(T) is weakly contained in f-l(F) in 9, where f -l(F) = 9 - f -‘( f (V)) C 
9 - P’. Therefore, f-‘(T) _C 9 - V, which is relatively closed. Consequently, 
Tc&-f(V) =9-. 
Now let Rep(A) denote the (equivalence classes of) representations of A of 
suitably large dimension equipped with its inner-hull-kernel topology [7]. Note 
that A C Rep(A) and the relative topology of A is the hull-kernel topology. The 
next result plays a crucial role in the proof of Theorem 3.2. 
2.2 THEOREM. Let { Tj} be a sequence in Rep(A) which converges to the element 
T of A*. For each j, suppose 9j is a relatively dense subset of the support of Tj in A*. 
Then there exists a subsequence (Tk} of { Tj} an d a corresponding sequence {S,} in A- 
such that S, E gfk: , each k, and S, --, Tin A-. 
Proof. Let V be an open neighborhood of T in A. The set {WE Rep(A): 
supp( W) n V # a) is a neighborhood of T in Rep(A). By hypothesis, there 
exists j, sufficiently large such that supp( Tj) n V # 0, for j > jV . Let V be a 
countable system of basic open neighborhoods of T in A and define 
I={(V,~)EV x N:j3jv}. 
If we also define (Vi , jr) > (V, , jz) whenever Vi C V, and jr > js , then 
(I, 2) becomes a directed set. For each (I’, j) in 1, we have that supp(Tj) n 
V + a, i.e., supp(Tj) n V is a nonempty relatively open subset of supp(Ti). 
By hypothesis, it follows that 9j n V # Q. Let SVsj E .9j n V and define 
Tv,j = Ti , for each (V, j) in I. Then {T,,j} is a subsequence of (Tj} and 
Svsj -+ T in A-. 
DUAL TOPOLOGY OF GROUP EXTENSIONS 119 
COROLLARY. Suppose T in Rep(A) is not necessarily irreducible but has j&&e 
support. Then the theorem is true. 
Proof. Apply the theorem to each element of supp(T) together with Pro- 
position 1.2 of [8]. 
3. MAIN RESULTS 
Let us now return to the context and notation of Section 1. Recall that we have 
partitioned G into the subsets GO, GI , G, corresponding to the partition 0, 
%??r , %‘s of lo, where Q = VI v V, and G(U) = G, u G, . We begin this section 
with some global results on the topology of G. 
3.1 LEMMA. If 7Y C e, WE i?, L Ed, and WEV#‘-, then there exists a 
sequence { W,} in YV, a sequence (L3} in fi, and K in Z(G) such that L, E p( W,), 
W*+ Wine,Lj+Linfi, HLj+KinX(G)andKcH,. 
Proof. Since WE YY-, there exists a sequence (Wj} in YY such that W, + W 
in G. Then p( Wj) -p(W) in R/G. Since the mapping fi+ R/G is open and 
L E p( W), there exists (passing to a subsequence) a sequence {Lj} in fl such that 
4 EP(%) mdLj -+ L in fi. The sequence {HL,} has a convergent subsequence 
in the compact space X(G). Thus (passing to a subsequence), there exists K in 
X(G) such that HLj ---)r K. It follows from Lemma 2 of [ 16] that K C HL . 
Remark. This lemma differs slightly from Proposition 3.1-C of [2]. 
The following is our main result. 
3.2 THEOREM. Let 2 be a saturated subset of fi. If G/H2 is amenable and 
each HL is normal in G (for L in 9), then the topology of l?(9) is given by 
Cmjecture A,. Specifically, if WE e(9) and YF C &(a), then W E?Y- if and 
only if there exists a closed normal subgroup K of G such that: 
(i) HsC KC HL; 
(ii) (K, T 1 K) is weakly contained in u-l(YF-) C Y(G, 9); 
(iii) T is weakly contained in U(T / K : K, HJ. 
Proof. Suppose first that there exists K satisfying (i), (ii), and (iii). Then by 
(ii), U( T 1 K : K, G) is weakly contained in w. Furthermore, by (iii) we see that 
W = U( T : HL , G) is weakly contained in U( T 1 K : K, G) (inducing in stages), 
and hence in Iw. Thus, W is in the closure of W since W is irreducible. 
Conversely, suppose WE w-. By Lemma 3.1 there exists a sequence (W,} 
in W, a sequence {Lj) in fi and K in X(G) such that W, + W in G, 
L, E p( W,) C 2, L, + L in fl, KC HL and HLj -+ K in X(G). Since each H= 
contains Hs , it follows from Proposition 2 of [15] that K also contains Hy ! 
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Furthermore, since conjugation is continuous on X(G), it follows that K is 
normal in G. This proves (i). 
Now for each j, there exists a unique Tj in J?!~$ such that U( Tj : HL, , G) = 
Wj . Since Wj + W and HLj + K, we see that (HLj , G, Wj) -+ (K, G, W) in 
X(G) x Y(G), so that (HLj , Wj 1 HLj) + (K, W / K) in Y(G) (restricting is 
continuous). By the normality of HL , the restriction W 1 HL is weakly equivalent 
to the orbit of conjugates {TX: XE G} of Tin fiL [7, Theorem 4.51. Thus, restricting 
again, we obtain that T ) K is weakly contained in W 1 K and (HLj , W ) HLj) --+ 
(K, T I K). Furthermore, for each j, the restriction Wj / HLj is weakly equivalent 
to the orbit { TjE: x E G) of conjugates of Tj in I?L . Let S be any element of the 
support of T I K. By Proposition 2.2 there exist: (passing to a subsequence) a 
sequence of conjugates (Tp) (x~ E G) of the sequence {Tj> such that 
((HLj, Ty)} _C u-‘(W) and (HLj , Ty) + (K, S). 
Consequently, since S is arbitrary, (K, T I K) is weakly contained in u-‘(W). 
This proves (ii). 
Finally, part (iii) is a routine consequence of the amenability of G/Hz together 
with Proposition 1.2-E of [2] and Corollary 1 of [7, p. 2601. 
3.3 COROLLARY. Conjectures A, , B, and Cl are true (for 2’ = fi) undo the 
assumptions of the theorem. 
Remarks. (i) This theorem is actually a bit stronger than Conjecture A, 
since the group K is normal in G and the representation S in the conjecture can 
be chosen to be T I K. (ii) The group K is not equal to HL in general. (iii) 
Observe that this theorem includes (for 9 = fl) Theorem 5.1 of [14] and 
Theorem 3.3 of [2] as special cases; however, it does not include Theorem 6.2-A 
of [2]. 
3.4 PROPOSITION. Let the hypotheses be as in Theorem 3.2. If the mapping 
L + HL is continuous or of jim’te range on 9, then e(9) is homeomorphic to 
$CG, -WG. 
Proof. Under either of these hypotheses, we may assume in the proof of 
Theorem 3.2 that K = HL . Then this theorem says that W is in W- if and only 
if (Hr. , T) is weakly contained in u-l(W), i.e., (HL , T) belongs to the closure of 
u-l(W) in $(G, 9). Since u-l(W) is saturated in 9(G, Y), it follows that each 
conjugate (HL , T”) (for x in G) of (HL , T) is also in the closure of u-r(W). Hence, 
W is in W- if and only if the closure of U-~(W) contains the orbit of (HL , T), 
which is precisely equal to a-l(W). Thus, the mapping u: 9(G, 9) --+ G(9) is 
open by Proposition 2.1 and it follows that G(9) is homeomorphic to Y(G, 
=8/G. 
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3.5 COROLLARY. If Y = fi, then e is homeomorphic to J(G)/G, i.e., Con- 
jecture A, is true. 
3.6 COROLLARY. If 8 = 0, then GO is homomorphic to 9(G, 0)/G, i.e., 
Conjecture C, is true. 
We now turn to a more detailed study of the topology of G. If 0 E m/G, then 
it is well known that for each L in 8, the inducing mapping establishes a con- 
tinuous one+to*ne correspondence between J?~ and G(e). It is also known that 
these spaces are homeomorphic if HL is either normal [lo, Lemma 41 or open 
[14, Theorem 3.11 in G. We will now show that they are homeomorphic in 
general. 
3.7 PROPOSITION. If 0 E R/G and L E 8, then the spaces e(e), J?~ , and 
.F(G, 0)/G are whit to each other. 
Proof. Since N is regularly embedded in G, it follows that 6 is a Bore1 subset 
of fi which is homeomorphic to G/H,, i.e., 0 is a locally compact HausdorfI 
space in its relative topology. Furthermore, the stability group mapping is 
easily seen to be continuous on 8 (conjugation is continuous on s(G)). There- 
fore, by Theorem 6.4-B of [2], it follows that G(e) is homeomorphic to 9(G, 0)/G. 
Now observe that 
.f(G, 0) = {(HL+, Tz) : T E .M=, x E G}. 
Thus, the mapping T + (HL , T) is a homeomorphism of JZ~ into >(G, 0) 
which intersects every orbit. Hence, the composite mapping AL -+ 9(G, 0) + 
.Y(G, 0)/G is an onto homeomorphism. 
COROLLARY. If fi and R/G are Tl-spaces, then & is a Tl-space (i.e., G is 
CCR) is and only if each (Qt , u~)~ is a T,-space, L E fl. 
Remurk. This is the Tr-version of Theorem 9.3 of [12] and it generalizes 
Theorem 5.8 of [4] to the case where the Ht need not be normal. 
3.8 LEMMA. If 0 E R/G and L E 0, then U(L : N, G) is weakly contained in 
e(O). If, in addition, ‘QL is amenable, then U(L : N, G) is weakly equivalent to 
w9. 
Proof. Let RL denote the a,-regular representation of QL . It follows from 
Theorem 2.2-A of [l] that U(L : N, H,.) = L’ @ RLq , where L extends to the 
projective representation L’ of H, . Since RL is weakly contained in (Q= , a,) ,^ 
we have that Rtq is weakly contained in {Mrr,: ME (QL , u&‘} and conse- 
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quently, L’ @ RLrrL is weakly contained in AL [14, Proposition 3.11. Thus, 
U(L : N, G) is weakly contained in G(0) (inducing in stages). 
Conversely, if QL is amenable, then G(0) is weakly contained in U(L : N, G) 
[14, Corollary 1, p. 4811. 
Remark. It seems likely that, in general, U(L : N, G) is weakly equivalent to 
the set of induced representations U(L’ @ A&: H, , G), where M runs through 
the elements of (QL , U$ which are weakly contained in RL . 
3.9 PROPOSITION. Let OEP be a saturated subset of fi. If QL is amenable for each 
L in 9, then the restricted mapping p: G(Z) -+ Z/G is open. In particular, if Q is 
amenable, then p: G --f R/G is open. 
Proof. Let 8j -+ 0 in 94/G with WE G(Y) such that p( W) = 8, i.e., WE G(b). 
Let L be any element of 8. Since the mapping 9 + 9/G is open, we may assume 
(passing to a subsequence) that there exists a sequence {Lj) in 9 such that 
Lj -+L and Lj E 19, . Therefore, the sequence {U(L, : N, G)} converges to 
U(L : N, G) and hence to W by the previous lemma. From Proposition 2.2 and 
Lemma 3.8 (with &@$ = G(0J) we see that (passing to a subsequence) there 
exists a sequence { Wj} in G(9) such that Wj E G(0,) and Wj --f W. This com- 
pletes the proof. 
We now turn our attention to the space G(g). 
3.10 LEMMA. The subset G(%‘) is closed in G. 
Proof. Let W in G belong to the closure of G(g) and let L ~p( W). By 
Lemma 3.1, there exists a sequence {ci} in V and Kin X(G) such that K C HL , 
HLj + Kin X(G) and Lj + L in N. But HL. = G, all j; thus, G = K (since 
.X(G) is a Hausdorff space) so that HL = G, ile., L E $7 and WE G(F). 
3.11 COROLLARY. If p: G + B/G is open, then %? is closed in fi. In particular, 
this is true if Q is amenable. 
3.12 PROPOSITION. If each L in V is one dimensional, then E1 is relatively 
closed in V and hence, G1 is closed in G. 
Proof, In view of Lemma 3.10, it suffices to show that %‘i is closed in VZ. 
Let L be any element of %? and s: Q -+ G a Bore1 cross section. Then for each x 
in G, we have x = K&X), for some unique n, in N. Since L is one dimensional, 
it follows that Lx = L, i.e., L(xnx-l) = L(n), for all n in N and x in G. From the 
discussion on p. 18 1 of [ 121 we see that L may be extended to L’ on G by defining 
L’(x) = L’(ng7r(x)) = L(n,), x E G. 
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Then 
Therefore, 
%(4,4 = Wqr) ~(~>-1&7)-‘), q,rEQ. 
In particular, if L E ‘is, , then az. is trivial, so that there exists a Bore1 function 
pL: Q -+ T such that pL(N) = 1 and 
%L(QY 4 = PLW PLWPLW’~ q,yEQ. 
Now let {L,} be a sequence in WI converging to L in %?. Then Lj + L pointwise 
as functions on N and consequently, Us, + a, pointwise as functions on Q x Q. 
Furthermore, since each uL, is trivial, there exist Bore1 functions pL, as above, for 
each j. But {pLj} is a sequence in the compact product space To. Hence, there 
exists a subsequence {L,} of {LJ such that pL, + p pointwise, for some p E To. 
Necessarily, p: Q -+ T is Bore1 and p(N) = 1, Moreover, uLk + a, pointwise and 
Thus, 
~L,k7, y) = P&) P&F1 P&V 
d!, y) = P&J PW p(r)-‘, 
i.e., Us is trivial, so that L c %?I and WI is closed in %‘. 
3.13 PROPOSITION. If each L in %I is one dimensiml, then e, is homeomorphic 
to’iP, x Q. 
Proof. Recall that the mapping %r x Q + &r given by (L, M) + L’ @ M?r 
is a bijection. Also, the lifting mapping M + M;r is well known to be continuous. 
Thus, in order to show that the given bijection is continuous, it suffices to show 
that the mapping L -+ L’ is continuous (since tensoring is continuous [lo]). Let 
Lj +L in VI . Let C be a compact subset of G and E > 0. Then ST(C) is a 
precompact subset of G and F = &r(c)-l is a compact subset of N. Thus, 
since Lj +L, there exists j0 sufficiently large such that ) L,(n) - L(n)1 < E, 
for n E F, provided j >, j0 . But x in C implies x = ngr(x), where n, E F. 
Therefore, if j > j, , we have 
I L;(x) - L’(x)1 = I L&z) - L(%)l < l s 
i.e., L; + L’ in Gr . 
x E c, 
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Now suppose W = {Li @ i&m} is a subset of &‘r and W = L’ @ Mn- is an 
element of G1 which is weakly contained in W. Let C be a compact subset of Q, 
z, a vector in the Hilbert space of M, and E > 0. As above, s(C) is a precompact 
subset of G. Since L is one dimensional, the Hilbert space of W is that of M and 
x + (W(x)et 1 V) is a positive definite function on G associated with W. By 
hypothesis, there exists an index is and a vector w in the Hilbert space of M”, 
such that 
i.e., 
I(LI,(4 Mi,(+))w I 4 - WY4 M(+))~ I $1 -=c l 9 x ES(C). 
However, s(C) is part of the Bore1 transversal s(Q). Thus, from the proof of 
Proposition 3.12, we may assume that LjO(x) = L’(x) = 1. Consequently, M 
is weakly contained in {Mi} and the projection mapping L’ @ Mrr-+ M of G1 
onto & is continuous. This completes the proof, since the mapping p: Gr -+ %‘r 
given by L’ @ Mrr --f L is always continuous. 
3.14 PROPOSITION. Let dp be a saturated subset of Nsuch that G(b) is a singleton 
for each 0 in &Y/G. Suppose that Q, is amenable for each L in A?. Then the mapping 
p: G(9) -+ Y/G is a homeomorphism. Furthermore, let W be an element of G which 
is weakly contained in U(L : N, G), for some L in p(W) (see Lemma 3.8). I f  
%- _C G(9), then WE %P if and only if p(W) up- in B/G. In particular, 
if Q is amenable, then Conjecture D, is true (for 9 = ‘2T.J. 
Proof. Under the given hypotheses, the continuous onto mappingp: G’(g) + 
p/G is also one-to-one and open (Proposition 3.9) and thus, a homeomorphism. 
It also follows that p(W) Ed- if WE W-. Now suppose t9 = p(W) is in 
p(W)-. Then there exists a sequence {f?,} in 8/G such that t9, --f 0. Since L E 0, 
we may assume (passing to a subsequence) there exists a corresponding sequence 
(Lj} in 2 such that Lj +L. Thus, U(L, : N, G) -+ U(L : N, G) and conse- 
quently, U(Lj : N, G) + Was representations of G. But U(L, : N, G) is weakly 
equivalent to ?V n G(ej) = (Wi} (singleton) by our assumptions (Lemma 3.8). 
Hence, by Theorem 2.2 we may conclude (passing to a subsequence) that 
W; + W, so that WE w-. 
Remark. The hypotheses of this proposition are satisfied if: 
(i) HL = N, L E 5?, i.e., the action of G on 2 is free; 
(ii) QL is Abelian, a, is nontrivial, and (QL , UJ is type I, L E 9 [3]. 
Finally, combining the appropriate results of this section, we obtain: 
3.15 THEOREM. Suppose the quotient group Q is amenable. Suppose the sets 
VI , V2 , 0 satisfy the following: 
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(i) Each L in $9 = ‘%‘I v V, is one dimensional. 
(ii) If Wz # 0, then Q is Abelian and (Q, q) is type I, for each L in V2 . 
(iii) Each H= is normalin G,LEO. 
Then the topology of e is given by Conjecture E. 
4. EXAMPLES 
We will now briefly discuss a number of different types of examples which 
illustrate the results of Section 3. Many specific details will be left to the 
interested reader. Each example (with the exception of the first) is a special 
case of Theorem 3.15, i.e., the topology of G is given by Conjecture E. 
4.1. Suppose N = Q is any compact non-Abelian group. Let G be the 
canonical semidirect product of N with Q, where Q acts on N by conjugation. 
Then for each L in N, the stability group H, is equal to G, i.e., 0 = 0. Also, 
each L in N may be extended to an ordinary representation of G by defining 
L’(n, n) = L(q); thus, %?a = r~r also. Since G is also compact, so that &’ is 
discrete, it follows that G is homeomorphic to N x Q, i.e., Conjecture Da is 
true for this example. Note that G is not necessarily the direct product of N 
with Q. 
4.2. Let G be the space R3 with multiplication given by 
(Xl 3 x2 9 ~3)(Yl PY2 ,Ys) = (Xl +r1, x2 +3)2,x3 +y3 + qy2). 
This is the well-known Heisenberg group. Let N be the subgroup ((0, 0, z): 
xER}.ThenNisthecencerofG,NsR,QrR2andQ= %,i.e.,%‘=N. 
For each L in N, the multiplier a, is given by 
%((!71 3 !l2), (Yl 3 12)) =Lk,r,) 
and is trivial if and only if L = 1 [12, Sect. 91. Hence, %?‘r = (1) and g2 = 
N - {I}, so that Gr is closed in & (Proposition 3.12) and Gr w Q (Proposition 
3.13). Furthermore, (Q= , L u ) is type I for each L in gs, [3]. Therefore, e(L) is a 
singleton for each L in g2 , G, w g2 (Proposition 3.14) and the topology of G 
is given by Conjecture E (with 0 = %), which can be substantially simplified. 
4.3. Let N = Z x T, Q = (1, -1} ( un d er multiplication) and let G = N * Q 
be the canonical semidirect product where the element - 1 of Q acts as inversion 
on N (this group was studied by Baggett in [2]). 
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Then N g T x Z and for each L = (t, z) in N, we have 
HL = N if z is odd, 
G if .z is even. 
Hence, %Y = ((t, z) E N: z is even} w T x Z and U = {(t, 2) E N : z is odd} ivy 
T x Z. Note that %?a = ia, i.e., %?r = V [I 1, p. 1731. Since g is also open in N, 
we see that G(U) is open in G. It also follows that the mapping L + HL is 
continuous on fi. Thus, G w Y(G)/G (Corollary 3.5). More specifically, G is 
the topological disjoint union of G, and G0 , where Gr M V1 x & (Proposition 
3.13) and G,, w 9(G, U)/G M U/G (Corollary 3.6). 
4.4. Suppose G is the group r,,, studied by Dixmier in [5, Sect. 1 I] where 
G~R5andN={(x,,x,,x,,x,,x,)EG:xl=xz=O}.ThenN~R3and 
Q s R2. If  L = (rr , rs , r3) EN, then 
H(r,.o.o) = G, 
and 
ff(rl,r,.o) = {(xl , ~2 1 *3 9 ~4 > ~5) E G: xi = 01, r2 f 0, 
H~l,rz.r,) = N r3 f 0, 
so that V = {(ri , r2 , r3) E fi: r2 = r3 = O}. The mapping L -+ HL is of 
finite range (but not continuous) on 0. Furthermore, for each L = (rl , 0,O) in 
%, the multiplier or. is given by 
f~dh , x2), (rl , y2)) = expkw2), 
which is trivial if and only if rr = 0, i.e., L = 1 [12, Sect. 91. Thus, %?r = {I} 
which is closed in %? and g2 = {(rr , 0, 0) E N: r, # O}. Also, for eachL in e2 , the 
dual space (QL , uJh is a singleton [3]. Consequently, Gr is closed in G, Gr m Q, 
and G 2 m V2 (Proposition 3.14). Since Q is Abelian, G,, is homeomorphic to 
Y(G, 0)/G (Corollary 3.6) and the topology of G is given by Conjecture E 
(compare with Proposition 7 of [a). Of course, the topology of G,, can be more 
specifically determined because of the particular nature of Y(G, U). 
4.5. NOW suppose G is the group r,,, studied by Dixmier in [5, Sect. 91, 
where G m R5 and N = {(x1, x2, x3, x., , x5) E G: xi = x2 = 0} as above. 
Once again, NE Ra and Q G Ra. However, this time, if L = (rl , r2 , r3) E fi, 
then 
ff(rl.,,,,, = {(xl 9 *2 > ~3 , x4 , ~5) E G: ~1~1 + x2r2 = 01. 
It follows that g1 , V2 , and 0 are as in the previous example as are the oL , 
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L E Vs. Hence, G1 is closed in G, G1 w Q and Gs M V, . Furthermore, although 
the mapping L --t HL is not of finite range on 0, it is continuous on 0 (but not on 
fi). Therefore, G,, M Y(G, 0)/G (Corollary 3.6) and Theorem 3.15 applies 
(compare with Theorem 5.6 of [7]). 
Remark. It is worth commenting on the status of the other groups studied by 
Dixmier in [5] -namely, I’s , I’, , I’,,, , L’s,, , I’,,, , and r,,, . The group r,,, 
is of the same type as the Heisenberg group (Example 4.2). The groups rs , r, , 
and r,*rl are of the same type as Example 4.3 in the sense that Q and N are 
Abelian, %I 1 {l}, %a = ,B and HL = N, for all L in 0. (However, the mapping 
L + HL is not continuous on fi.) The groups r,,, and r,,, are characterized by 
the following properties: N and Q are Abelian, %?I 1 {l}, %‘s = ia and H, = H, 
for L in 0. Since these groups are all CCR [9] (and hence type I), it follows from 
Theorem 8.4 of [12] that the hypotheses of Theorem 3.15 are satisfied. Therefore, 
the dual topology of each of these is also described by Conjecture E (see also 
16 71). 
4.6. Now let G be the group studied in 113, Sect. 31, where N is a (discrete) 
direct sum of countably many copies of Z, Q is a countable product of the multi- 
plicative group (1, - l}, and G = N . Q is the canonical semidirect product. 
Then fi s n,” T and each L in fi is of the form (Li),” , for Li E T. We may verify 
that 
Hence, 
g = {(L,);P E IV: L, = 1 or -1, i = 1, 2, 3 ,... }. 
It follows from [l 1, p. 1731 that V, = @, i.e., G, = o . Thus, G = G,, u G, , 
where G 1 m %‘i x Q (Proposition 3.13). We may also verify that the mapping 
L + HL is not continuous on 0, i.e., the hypotheses of Corollary 3.6 are not 
satisfied. However, since Q is Abelian, Corollary 3.3 does apply, so that the 
relative topology of GO is given by Conjecture C, . Finally, this example is a 
special case of Theorem 3.15. 
4.7. Finally, suppose N = Rs, Q = SL(2, R), and G = N * Q is the canonical 
semidirect product. Then fiz Rs and R/G consists of the two orbits {l} and 
iv - {I}. If L = (L1 , L,) is in fl - (l}, then QL consists of all matrices of the 
form 
[ 
1 + WL)x X 
-G/L2)2x 1 - &/L,P I 
if L, # 0, 
or 
0 r: I 1 ’ if L, = 0. 
607/3512-2 
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It is known that QL (i.e., HL) is not normal and that Q is not amenable. Thus, 
this group fails to satisfy the hypotheses of most of our main results. However, 
as in the previous example, we have %Y2 = @ and e2 = ia, so that %? = V1 = {l} 
and U is the single orbit fl - (1). Consequently, e is the disjoint union of the 
two fibers GO and e1 , where (?I is closed in e, e1 NN & and (YY?,, m AL , for any 
L in fi - {I} (Proposition 3.7). Hence, to complete the topological description of 
&, we need only describe the accumulation points of &O which are contained in 
e1 . It is not clear yet how to do this. 
REFERENCES 
1. L. BAGGETT, A weak containment theorem for groups with a quotient R-group, 
Tmns. Amer. Math. Sot. 128 (1967), 277-290. 
2. L. BAGGETT, A description of the topology on the dual spaces of certain locally 
compact groups, Trans. Amer. Math. Sot. 132 (1968), 175-215. 
3. L. BACCETT AND A. KLEPPNER, Multiplier representations of abelian groups, J. 
Functional Analysis 14 (1973), 299-324. 
4. R. C. BUSBY, I. SCHOCHETMAN, AND H. A. SMITH, Integral operators and the com- 
pactness of induced representations, Trans. Amer. Math. Sot. 164 (1972), 461-477. 
5. J. DIXMIER, Sur les reprCsentations unitaires des groupes de Lie nilpotents, III, 
Canad. J. Math. 10 (1958), 321-348. 
6. J. DIXMIER, Sur les reprCsentations unitaires des groupes de Lie nilpotents, VI, 
Canad. /. Math. 12 (1960), 324-352. 
7. J. M. G. FELL, Weak containment and induced representations of groups, Canad. J. 
Math. 14 (1962), 237-268. 
8. J. M. G. FELL, Weak containment and induced representations of groups. II, Trans. 
Amer. Math. Sot. 110 (1964), 424-447. 
9. J. M. G. FELL, A new proof that nilpotent groups are CCR, PYOC. Amer. Math. Sot. 13 
(1962). 93-99. 
10. J. M. G. FELL, Weak containment and Kronecker products of group representations, 
Trans. Amer. Math. Sot. 110 (1963), 503-510. 
11. G. W. MACKEY, The theory of group representations, mimeographed notes, Univ. 
of Chicago, 1955. 
12. G. W. MACKEY, Unitary representations of group extensions. I, Acta Mathematics 99 
(1958), 265-311. 
13. I. SCHOCHETMAN, Dimensionality and the duals of certain locally compact groups, 
Proc. Amer. Math. Sot. 26 (1970), 514-520. 
14. I. SCHOCHETMAN, Topology and the duals of certain locally compact groups, Trans. 
Amer. Math. Sot. 150 (1970), 477-489. 
15. I. SCHOCHETMAN, Nets of subgroups and amenability, Proc. Amer. Math. Sot. 29 
(1971), 397-403. 
16. I. SCHOCHETMAN AND Y.-C. Wu, Continuity of stability groups and conjugation, 
Rocky Mount. J. Math. 5 (1975), 309-316. 
